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2 Following [12], we dene U to be primitive if U is
a product of one-qubit gates or if U is equivalent
to the gate interchanging the two qubits (swap);
otherwise U is imprimitive. We will see that, for
two qubits, the class of imprimitive gates is exactly
the class of entangling gates.
We now prove the qubit case of the result in [12]:
A two-qubit gate U is universal if and only if
it is imprimitive, or, equivalently, if and only
if it is entangling.
Proof: A brief summary of our proof is as follows: We
use two non-trivial facts. The rst is that cnot is univer-
sal [1]. The second is the canonical decomposition [13, 14]




































(see [13] for a sim-
ple proof). Both of these facts have proofs which are
somewhat detailed but elementary and constructive. Our
strategy is to show that any imprimitive gate U , to-




where 0 < jj <

2
. We then show that
W can be used, together with one-qubit gates, to exactly
implement cnot, which proves that W , and therefore U ,
is universal. Finally, since any universal gate is entan-
gling, and any entangling gate is imprimitive, it follows
that the class of entangling gates is exactly the class of
imprimitive gates.











 U . First,

















(corresponding to U  swap), so
we need not consider these cases.
Suppose U is imprimitive, in which case at least one of
the 

is non-zero. We will show that in all cases V , and
hence U , may be used with one-qubit gates to implement
a cnot and is therefore universal. In each case, we use
V to obtain a gate of the formW = e
iZ
Z










j since the 

may be relabeled by conjugating V by the primitive gates
H 
H and S 



























































































which is of the required form.
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Simple algebra shows that W is equivalent to a con-















Note that, if necessary, we can obtain a positive exponent
in the last line by conjugating by I 
 X. We introduce









In particular, the controlled rotation (3) above is denoted
U
(0;0;2jj)
. Conjugation by one-qubit gates on the second
qubit changes the axis of rotation but not the angle of
rotation: Given n
0
such that jnj = jn
0
j, we can nd a


















. Both the direction of m and its
magnitude vary depending on n and n
0
.
In order to implement a cnot, we need to use U
(0;0;2jj)
to obtain a total rotation U
(0;0;=2)
 cnot. The rst
step is to use U
(0;0;2jj)






=2 is an exact multiple of 2jj, then we are done. Other-
wise, we must generate a gate to make up the dierence;
i.e. we need to obtain U
m




2jj. To do this, we note that we can easily obtain the fol-
























other controlled rotation U
m
. jmj varies continuously as
a function of n and so, by the Intermediate Value Theo-
rem, it must pass through all the angles between 0 and




  2qjj. For any given angle , n can be
calculated numerically as the solution to a small set of
equations (these can be found in exercise 4.15 in [15], see


















where A is an appropriate one-qubit gate.
This completes our proof, since it demonstrates that
the imprimitive gate U together with one-qubit gates can
be used to implement a cnot, which, in turn, can be used
to perform universal quantum computation [18]. 
It is easy to explore some examples of our procedure
using [11]. As an example, suppose we had a gate whose






















































































We conclude with a discussion of the optimality of the
scheme for universal quantum computation described in
our proof. We need to answer two questions: What is
the \optimal" use of a given gate U? How optimal is
our scheme? We dene a scheme to be optimal if it uses
U the minimal number of times required to implement a
cnot, with arbitrary one-qubit gates. We will see that,
although our scheme is slightly non-optimal in usage of
the two-qubit interaction, the number of one-qubit gates
used by our scheme is many orders of magnitude smaller
than the number required by the Hamiltonian simulation
schemes described at the beginning of this Letter.
It follows from [10] (section D1) that the number of
uses of U required to implement the cnot in any protocol













To compare with our scheme, we obtain an estimate of
the number of uses of U required to implement a cnot









times to implement a cnot.




.) Each controlled ro-
tation uses U twice in general (the special cases follow
along similar lines with small changes in the number of
uses of U ), and the corrections at the end can require up
to four uses of U . Thus the cnot uses U 2q + 4 times.
The ratio of the number of uses of U required by our
scheme to the minimumpossible number is therefore less
than 1 + 16
max
=, which is between 1 (for small 
max
)
and 5 (for large 
max
).
Returning to the comparison of our result with those
on optimal simulation of Hamiltonians [7, 8], note that
our xed given gate U can be thought of as a xed given
Hamiltonianwhich always evolves for the same amount of
time between applications of one-qubit gates. Although
our procedure is slightly non-optimal in the number of
uses of U for large 
max
, the pay-o in terms of error-
control is enormous. In general, we require only approx-
imately 6q one-qubit gates, and q depends only on the
gate U , not on the desired accuracy. In the example given
above, only 4 one-qubit gates are required, compared to
the unbounded number required to achieve arbitrary ac-
curacy in the Hamiltonian simulation procedures.
We have given a simple algorithm [11] which provides a
near-optimal way of using an arbitrary two-qubit entan-
gling interaction to do universal quantum computation.
Our scheme makes relatively undemanding requirements
on local control, and thus is likely to be experimentally
practical. Our scheme inverts the usual challenge fac-
ing the designer of a quantum computer: Instead of hav-
ing to do delicate, system-specic theoretical calculations
to engineer systems to perform gates such as the cnot,
it will now be possible for physicists to experimentally
determine the character of the available interaction and
then apply our algorithm to use that interaction to do
universal quantum computation.
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